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1 K8�¿

�½n, x, y, ¦(
∑

1≤i≤n(i, n)
x[i, n]y) mod 1000000007. Ù¥(a, b)�a�b���ú�ê,

[a, b]�a�b���ú�ê. õ|Î¯"

30%�êâ÷vx = y¶

,30%�êâ÷vn ≤ 109, x, y ≤ 100¶

100%�êâ÷vn ≤ 1018, 0 ≤ x, y ≤ 3000§Î¯�êT ≤ 100"

2 Ä:�£

)ûù�KI��½�êØ9|ÜÄ:"8Ôè
A�®²Ýºù
�£"�
¦

�NOIÔý��ÓÆU
n)�)K�w§ùp{ü0�I��Ä:�£"

�Ü©¥�½n�Ü©´w,�§ÏdùpØ�Ñy²"±eSN¥pL«�ê"

2.1 êØ¼ê

½Â1. êêêØØØ¼¼¼êêê´�½Â����ê§���Eê�¼ê§=f : Z+ → C"

½Â2. ~��êØ¼êµ

~¼êc �£�o�c�~¼ê(ùp�cQL«�£��§qL«¼ê¶)¶

ð�¼êid(n) id(n) = n¶

ü ¼êe(n) en = 1, e(n) = 1¶ÄKe(n) = 0¶

î.¼êφ(n) 1�n¥�np��ê��ê¶

Möbius¼êµ(n) enk²�Ïf§Kµ(n) = 0¶ÄK�n = p1p2 . . . pk§kµ(n) = (−1)k"

½Â3. ��êØ¼êf�¡�´������ÈÈÈ555¼¼¼êêê§��=�x, y ∈ Z+ ⇒ f(xy) =

f(x)f(y)¶

��êØ¼êf�¡�´ÈÈÈ555¼¼¼êêê§��=�x, y ∈ Z+, (x, y) = 1 ⇒ f(xy) = f(x)f(y)"

Ù¥(x, y)�x�y���ú�ê"

½n1. 1, id, e, φ, µ þ�È5¼ê§Ù¥1, id�e´��È5¼ê"

½n2. ef�È5¼ê§@oéu?¿n ≥ 2§-n =
∏

1≤i≤k pi
qi§Kf(n) =

∏
1≤i≤k f(pi

qi)

�âù�½n·��±�B/O�È5¼ê�¼ê�"

½Â4. êØ¼êf�g�DirichletÈ(f ∗ g)(n) =
∑

d|n f(d)g(n/d)

½n3. DirichletÈ÷v��Æ!(ÜÆ§éu\{÷v©�Æ"

½n4. ef�gþ�È5¼ê§@oµ

f�g�:Èfg�È5¼ê¶

f�g�DirichletÈf ∗ g�È5¼ê"

½n5. Möbius�üµg(n) =
∑

d|n f(d)⇒ f(n) = µ ∗ g
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2.2 ~^êØ�{

2.2.1 Miller-Rabin�{

Miller-Rabin�{´dGary L. Miller [2]JÑ§Micheal O. Rabin [3]?U��«¯��ä

�ê��{"

�{g�´����Åêa§�n − 1 = 2sd§Ù¥d�Ûê§@o�ad 6= 1 (mod n)�é

u?Û0 ≤ r ≤ s − 1ka2
rd 6= −1 (mod n)�§n´Üê¶ÄKnk3/4�VÇ´�ê"Eõ

g±¼��Ð�(J"

Algorithm 1 MillerRabin(n, a)

d← n− 1, s← 0

while d mod 2 == 0 do

d← d/2, s← s+ 1

end while

w ← powerMod(a, d, n)

if w = 1 then

return probablyPrime

end if

for i = 0→ r − 1 do

if w = n− 1 then

return probablyPrime

end if

w ← w2 (mod n)

end for

return Composite

3¢SA^¥§a�c9��ê�±�y31018���SØ¬Ñ�"

2.2.2 Pollard’s rho�{

Pollard’s rho�{´dJohn Pollard [1]JÑ��«¯�©)��ê��{"

�{g�´�Å�õ�ªf(¢�¥~^f(x) = x2 + C)§O�ê�ai+1 = f(ai)"

éun�,��²�Ïfd§e�3ai = aj (mod d), i 6= j§@o(|ai − aj | , n)´n��²
�Ïf"·��¦����|i, j§�±¦^Floydé��{"dud��§Ïd·�zgÑ�

O�(|ai − aj | , n)"
(ù�§Séun = 4¬��§��A�Ò�±
")

�mE,Ý�±�y²´O(n1/4polylogn)�"

2.3 |Üê9_��O�

·�ùp�0��K¥�U¬^��O�"Ïd�ê��êP§�Ø{¥©1�P[�Ø
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Algorithm 2 rho(n)

if prime(n) then

addFactor(n)

return

end if

while True do

x← 2, y ← 2, d← 1, f ← pseudoRandomPolynomial()

while d = 1 do

x← f(x), y ← f(f(y)), d = (|x− y| , n)
end while

if d 6= n then

rho(d), rho(n/d)

end if

end while

�U´0"|ÜêCk
n�n�kþé�"

2.3.1 ü�_�O�

�¦y = x−1§Kk

xy = 1 (mod P )

xy = 1− kP

xy + kP = 1

��)ÑyÒ�±
"�±^*ÐEuclid�{"

�mE,ÝO(logP )"

2.3.2 1 . . . n�_��O�

Äk§w,1�_�Ò´1"b�·�®²��
1 . . . n − 1�_�§�¦n�_�"b

�P = nt+ k§Kk

nt = −k (mod P )

ntk−1 = −1 (mod P )

n2t2(k−1)2 = 1 (mod P )

n−1 = nt2(k−1)2 (mod P )

�mE,ÝO(n)"
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2.3.3 |ÜêO�

b�·��¦Ck
n (mod P )§@o

Ck
n =

n!

k!(n− k)!
= n!k!−1(n− k)!−1 (mod P )

b�n��U�����n0§n! mod P�±O(n0)ý?n�Ñ"�Ä�n!
−1 = (n+1)(n+

1)!−1§·��±¦Ñn0!
−1§,��í��1 . . . n0�n!

−1"

�mE,ÝO(n0)−O(1)"

3 z{fx,y(n)

-¤¦ª�fx,y(n)§@o

fx,y(n)

=
∑

1≤i≤n
(i, n)x[i, n]y

=
∑

1≤i≤n
(in)y(i, n)x−y

= ny
∑

1≤i≤n
iy(i, n)x−y

= ny
∑
d|n

dx
∑

1≤i≤n
d
,(i,n

d
)=1

iy

= ny
∑
d|n

dxgy(
n

d
)

= ny(idx ∗ gy)(n)

= ny(idx ∗ ((µidy) ∗ hy))(n)

= ny(idx ∗ (µidy) ∗ hy)(n)

Ù¥

gk(n)

=
∑

1≤i≤n,(i,n)=1

ik

=
∑

1≤i≤n
ike((i, n))

=
∑

1≤i≤n
ik

∑
d|(i,n)

µ(d)

=
∑
d|n

µ(d)dk
∑

1≤i≤n
d

ik

=
∑
d|n

µ(d)dkhk(
n

d
)

= ((µidk) ∗ hk)(n)
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Ù¥

hk(n) =
∑

1≤i≤n
ik

´��'un�k + 1gõ�ª(ù�:3e�!¥y²)"

�âDirichletÈ'u\{�©�Æ§·���fx,y(n)´Ø�Ly + 2�È5¼ê�Ú"

4 O�hk(n)

hk(n)�'un�k + 1gõ�ª¿Ø´w,�§´I�y²�"¿�XÛO�§�´��

¯K"

4.1 O(k3m)��{

IK¥�kmL«k����§�K¥=�3000§±eÓ"

(n+ 1)k+1

=
∑

0≤i≤n
(i+ 1)k+1 − ik+1

=
∑

0≤i≤n

∑
0≤j≤k

Cj
k+1i

j

=
∑

0≤j≤k
Cj
k+1

∑
0≤i≤n

ij

= 1 +
∑

0≤j≤k
Cj
k+1

∑
1≤i≤n

ij

= 1 +
∑

0≤j≤k
Cj
k+1hj(n)

(ù�í�b½
00 = 1)

Ïdhk(n) =
1

k+1((n+1)k+1− 1−
∑

0≤j<k C
j
k+1hj(n))"ÏLêÆ8B{�±y²�c�

¢3¯Kµhk(n)�'un�k + 1gõ�ª"¿��âù�4íª�åO��±3O(k3m)��

mE,ÝS��1 ≤ k ≤ km�¤khk(n)���Xê"�mE,ÝO(k2m)"

4.2 O(k2m)��{

�
£ã�B§±e·��Ñhk(n)¥�(n)§P�hk"

5¿�hk = 1
k+1((n + 1)k+1 − 1 −

∑
0≤j<k C

j
k+1hj)¥Ñy
n + 1��§¤±�
�B§

·�b�h0 = n+ 1§�n"

q§òhk�¤'un+ 1�õ�ª§·�uy(n+ 1)k+1�Xêo´ 1
k+1§Ïd·�òhk�

¤
∑

0≤i≤k bk,i
(n+1)i+1

i+1 �/ª"
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*	b§��
bi,j
j+1 =

bi+1,j+1

i+1 §u´kbi,j = Cj
i bi−j,0"

z{hk§k

hk(n) = nk + hk(n− 1)

= nk +
∑

0≤i≤k

bk,i
i+ 1

ni+1

= nk +
∑

0≤i≤k

Ci
kbk−i,0
i+ 1

ni+1

ù�§3¦Ñ�bi,0�§�±3O(k)��mE,ÝS¦Ñhk���Xê"

q§Ï�hk�~ê�7,�0§Ïd0 =
∑

0≤i≤k
1

i+1bk,i =
∑

0≤i≤k
Ci

k
i+1bk−i,0"dd·��

±��bk,0�4íª"

ù�§·��±3O(k2m)��mE,ÝSO�Ñ¤k0 . . . km�¤kbk,0§,�éuzgÎ

¯§3O(k)��mE,ÝS¦Ñhk���Xê"�mE,Ý´O(km)"

4.3 ��{²`{��{

þ¡��{¥k�(Øvky²§´��ß�"e¡·�0���{²`{��

{ [4]§���þ¡�Ó�(J"

·�k�Ñê�B1, B2, . . .§¿PBi�B
i"ùp��êØL«ig�§=´�BP¹�

ÎÒ"·�½Â��ª½nµ

(B + n)k = nk +
∑

1≤i≤k
Ci
kn

k−iBi

Ó�§k

(B + n− 1)k = nk +
∑

1≤i≤k
Ci
kn

k−i(B − 1)i

üª�~§�

(B + n)k − (B + n− 1)k = knk−1 +
∑

2≤i≤k
Ci
kn

k−i(Bi − (B − 1)i)

y3·�½ÂBi§¦�éu?¿i ≥ 2§kBi = (B − 1)i"ù�Òk

(B + n)k − (B + n− 1)k = knk
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ü>éun¦Ú§u´k

hk−1(n) =
∑

1≤i≤n
nk−1

=
1

k

∑
1≤i≤n

knk−1

=
1

k

∑
1≤i≤n

((B + i)k − (B + i− 1)k)

=
(B + n)k −Bk

k

(J�·��c��{ÎÜ"

5 ¦(idx ∗ (µidy) ∗ idz)(n)

�âDirichletÈ�5�§·���idx ∗ (µidy) ∗ idz´��È5¼ê"@oòn©)§
n =

∏
1≤i≤k p

qi
i §y3�I¦(idx ∗ (µidy) ∗ idz)(pk)(ùp�kÚn�©)¥�kvk?Û'X)=

�"

�Ä�µ�gCþ�ê�u1���0§Ïd·��±éupk©��µidy���ê?1?

Ø§�k0Ú1ü«�¹"

y3¯KC�¦(idx ∗ idz)(pk)"·��Ä©��ü�¥��ê§uy¤k�¹�¤
�
'ê�"·����´���'ê�¦Ú"

�'ê�¦Úkn«�{µ�å¦Ú!¦^Ý
¦{!|^�'ê�¦ÚúªO�"d

u�K¥k��§Ïd�å¦Ú�JØ�"

6 30%��{

30%�êâ¥x = y§Ïdfx,y(n) =
∑

1≤i≤n(i, n)
x[i, n]x =

∑
1≤i≤n(in)

x = nxhx(n)"Ï

d·��I�¦hx(n)���Xê=�"

�mE,ÝO(k2m + Tkm)"�mE,ÝO(km)"

7 ,30%��{

,30%�êâ¥n ≤ 109, x, y ≤ 100§Ïd·��±én�å©)�Ïê"x, y ≤ 100§

Ïd·��±^O(k3m)��{¦hk(n)"

�mE,ÝO(T
√
n/ log n + Tkm log n + k3m)"�mE,Ý�1�Ü©´�å©)�Ï

ê(5¿Ø´T
√
n)§1�Ü©´¦nÏf¥¤kpk�idx ∗ (µidy) ∗ idz�§1nÜ©´ý?

nhk(n)���Xê"

�mE,ÝO(k2m)"
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8 100%��{

100%�êâ¥§�å©)�Ïêw,¬TLE"·�¦^Pollard’s rho�{?1©)"¿

¦^O(k2m)��{ý?nbi,0"

�mE,ÝO(Tn1/4polylogn+ Tkm log n+ k2m)§�mE,ÝO(km)"

ë�©z
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